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Over the years, the generation of laser pulses attained powers in the PW regime (1015W). These high
energy and low duration pulses have numerous applications, such as plasma physics and medicine. One of
the techniques which had a large contribution was a technique based in pulse dispersion, named Chirped
Pulse Amplification (CPA). This technique consists in amplifying a temporally stretched pulse in order to
prevent any damaging in optical components, and recompress such pulse to a duration close to its initial.
Such stretching and compressing is made possible via two optical devices based on a dispersive element, a
diffraction grating. This manipulation however can introduce unwanted distortions and aberrations to the
pulse spatio-temporal profile, leading to a decrease in its intensity when focusing such pulse through a lens.
Furthermore, the existence of misalignments in the system or in a perturbed pulse also leads to unwanted
distortions in the output beam. A study and analysis of such effects in the output pulse profile is then
required in order to prevent or correct those. In this thesis, the study of the propagation of a Gaussian pulse
in system involving diffraction gratings is performed using the Kostenbauder matricial formalism, which
allows an analysis of pulse propagation in time and space. The obtained results are compared to the results
already present in the literature, allowing the demonstration of the efficiency, simplicity and versatility of
this method in regard of others.
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I. INTRODUCTION

Ultrashort pulse lasers with high peak powers have several ap-
plications in important areas, such as plasma physics, fusion, high
harmonic generation for X-rays and biology. Over the years, the
maximum power achieved by laser pulse generation has been in-
creasing by several orders of magnitude, reaching the Petawatt
regime (1015W). One of the main contributors in attaining such
high powers was the discovery, in 1985 of a new amplification tech-
nique based on pulse dispersion, named Chirped Pulse Amplifica-
tion (CPA) [1].

Typically, in CPA, pulse stretching and compression is achieved
by means of diffraction gratings. In these devices, an incident pulse
is diffracted at a frequency-dependent angle. By using two paral-
lel (or anti-parallel) gratings, such angular dispersion is converted
into a spatial dispersion, or temporal stretching. Between the grat-
ings, the pulse propagates as an inhomogeneous wave, exhibiting
pulse front tilt. Such pulse features (tilt, angular dispersion, spatial
dispersion) form an important part of the subsequent work.

Pulses with a tilted front have several remarkable applications,
including the traveling-wave pumping of a soft-x-ray lasers [2], gen-
eration of high-power terahertz pulses [3], and ultrabroadband ge-
ometries for optical parametric amplification [4]. Typically, a tilted
pulse front is associated with angular dispersion (AD) [5] from op-
tical elements such as gratings or prisms, although it can also be
generated through simultaneous spatial and temporal chirp [6]. In
CPA [7] laser systems, where the last element is a grating pair, it is
important to ensure that no residual angular dispersion (or equiv-
alently, pulse front tilt) remains after, as this would lead to pulse
distortions and pulse temporal broadening [8, 9]. For this reason,
specific diagnostics have been developed in order to address the
problem of detecting, measuring and cancelling these distortions,
such as tilted pulse front autocorrelators [10, 11], spectrally re-
solved interferometry [12], or a modified frequency resolved optical
gating technique [13].

Concerning the analysis of pulse propagation and the generation
of such distortions, previous work has considered either a plane-
wave approach, or a Gaussian beam model. In the first case, the
spectral phase function is computed in a ray-tracing fashion [8, 14].
The group delay dispersion (a temporal effect) and the correspond-
ing pulse width enlargement is assumed to be induced by AD (a
spatial effect), explicitly showing evidence of a spatio-temporal
coupling. This model, however, does not take into account the
finite size of the beam or its spatial distribution. For considering
these features, a Gaussian model based on the Fourier analysis of

the beam and the solution of the Kirchhoff-Fresnel integral was in-
troduced [15, 16]. Pulse broadening, pulse front tilt, and chirp of a
Gaussian beam can all be analyzed using this approach, assuming
that the propagation distance is small compared to the Rayleigh
length. Detailed experimental measurements have confirmed the
validity of this approach [12].

Addressing Gaussian beams with the resolution of the propaga-
tion integrals is not always practical, and far from versatile. In fact,
sometimes we can obtain straightforward estimates of pulse distor-
tions in a first order approximation. This is the principle that led
Martinez and Kostenbauder to introduce a matrix-based formalism
[17, 18] for describing pulse propagation in the spatial and tempo-
ral domain. The principle, similar to the more well-known ABCD
matrices for Gaussian pulse propagation, consists in using the ex-
plicitly calculated first order derivatives for each optical element
in a given system, then propagating a beam by considering the
total matrix product. In this fashion, it becomes extremely easy
to change parameters and quickly observe their effect in the out-
put pulse profile. Recent work based on this formalism has led to
a general formulation of first-order spatio-temporal distortions for
Gaussian pulses [19], including all possible couplings in the spatial,
temporal, spatial frequency and temporal frequency domains.

A. Motivation and objectives

The work described in this paper has the objective to analyze the
profile of a laser pulse, as well as the spatio-temporal distortions
present in it, after it propagates a system involving diffraction grat-
ings, namely grating compressors, by applying the Kostenbauder
matrix formalism to describe an optical system, and the Q̃ matrix
to represent the pulse Gaussian profile characteristics.

This formalism can provide a simple, yet accurate method to
study the pulse propagation. In particular, we investigate what is
the effect of introducing alignment errors in the compressor grat-
ings, and compare the results with those in the literature, obtained
by different methods. We study as well the role of optical aberra-
tions in the input beam for the case of a well-aligned compressor - a
problem that has not received general attention so far. Finally, by
considering the question of how to deliberately introduce a given
pulse front tilt in a Gaussian beam, we derive the same results as in
the literature, including an additional term not considered before
whose role can be significant for several configurations.
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FIG. 1: Pulse front tilt and Spatial chirp in a laser pulse profile

II. FUNDAMENTALS OF BEAM
PROPAGATION IN OPTICAL SYSTEMS

A. Chirped pulse amplification

In a CPA laser chain, pulse stretching and compression is only
possible due to the properties of a short laser pulse and dispersive
elements, such as diffraction gratings. From Fourier optics, it can
be shown that the relation between pulse duration (τ0) and its
bandwidth (∆λ) for a Gaussian shaped pulse is given by:

∆λ ≈
1

τ0

λ2
0

2πc
(1)

where λ0 is the central wavelength and c the speed of light. A short
pulse is then far from being a monochromatic pulse.

A diffraction grating consists of a slab with a set of periodic
grooves, which diffracts each wavelength with a specific angle, this
effect is called angular dispersion and for a diffraction grating has
the following expression:

sin θi + sin θd = m
λ

d
(2)

where θi is the incidence angle, θd the diffracted angle, λ the wave-
length, d the groove distance and m the diffraction order. Hence,
a laser pulse sees all of its wavelengths travel in different directions
after passing the diffraction grating. Since shorter wavelengths
(higher frequencies) have smaller diffraction angles, they will travel
ahead of longer wavelengths, and the pulse will then possess a neg-
ative chirp, i.e. the frequency will decrease with the time. As the
beam propagates, the chirp will tend to increase in magnitude, and
consequently the pulse duration.

By introducing another diffraction grating, parallel to the first,
the beam wavelengths which were propagating in different angles
due to the first grating propagate now with the same angle, fixing
the temporal chirp; this happens because in accordance to equation
(2), the diffracted angle after the second grating will simply be the
incident angle before the first grating. Since this system is usually
placed at the end of a CPA chain, it is called a compressor [20, 21].

By introducing a chirp to the pulse, other distortions will in-
evitably appear. When a pulse suffers from AD due to the first
grating, it also suffers from two other spatio-temporal distortions
(STD) which are directly related with AD, pulse front tilt (PFT)
and spatial chirp (SPC) [6]. PFT is described as when the pulse
arrives at different locations on the transverse plane at different
times, in sum the wavefront will have an angle γ in the space time
domain (see Figure 1(b)). SPC on the other hand refers to the lat-
eral displacement of different frequency components in the beam
(see Figure 1(c)).

When the beam collides with the second grating the AD disap-
pears, however, both PFT and SPC still remain in the pulse after
it exits the compressor. These distortions will lead to a significant
decrease in intensity when focusing the resultant pulse, since the
intensity depends on the pulse duration and width:

I =
P

A
=

E

∆tA
(3)

This problem, however, can be somewhat negated by performing a

second pass in the compressor. Even if the actual pulse duration
is doubled, the pulse will exit the system without any of these
distortions.

However, this is only true if we consider a perfect CPA chain, i.e.,
a perfectly collimated input beam, and a stretcher and compressor
without any kind of misalignment, either in the distance between
gratings, which can cause an unwanted AD effect after the passes
through the system [8], either in the gratings misalignments [2, 8],
which also cause the beam not to propagate as expected after the
system. Furthermore, one cannot forget an important aspect of the
diffraction gratings in the laser pulse: the dispersion only happens
in one of the two propagation axes, in fact, if we consider the x-
axis as the one who suffers the dispersion, the y-axis on the other
hand will only see the grating as a simple mirror. This will lead to
the introduction of a common aberration known as astigmatism.
The astigmatism will cause a loss in intensity because the focal
spots of each axis will not be in the same position. This aberration
however, can be corrected by using adaptive optics, for example,
a deformable mirror, which will compensate, or pre-compensate,
in accordance to the mirror position in the setup, the astigmatism
introduce by a grating system. Even so, one must determine the
magnitude of these distortions in order to conclude if the use of
adaptive optics is required, or if the system must be realigned.
Since usual diagnostics are far from being adequate for these kind
of analysis, a more simple way to determine these unwanted effects
is to simulate the beam propagation through the system and study
its profile, and from there reach the conclusion if adjustments must
or must not be made.

III. PROPAGATION IN TIME AND SPACE

In order to study the propagation in both time and space using
a matrix formalism, the ABCD matrix [22] is not adequate since it
only takes in consideration the spatial propagation of a pulse. In
analogy to the spatial properties of a pulse, i.e. its spot size (w)
and its radius of curvature (R), the laser pulse also possess two
temporal components: the pulse duration (τ0) and the temporal
chirp (β). Hence, in order to take into account these aspects of
a laser pulse, an extension of both the ABCD matrix and the q-
complex must be performed.

A. Ray-tracing in time and space: The
Kostenbauder Matrix

In order to introduce the temporal components, the formalism
initially introduced by Martinez and perfected by Kostenbauder
[17, 18] is applied. This formalism is an extension of the ABCD
matrix, by adding the frequency (ν) and time delay (t) of the pulse
to the position and slope already present. Such matrix is called the
Kostenbauder matrix or the K-matrix of the element. Like in the
ABCD matrix, the entries of the 4-vector ray are in comparison to a
reference beam. Assuming that the variations in these parameters
are small in regard of the reference axis, we obtain the following
matrix: 

xo
θo
to
νo

 =


∂xo
∂xi

∂xo
∂θi

∂xo
∂ti

∂xo
∂νi

∂θo
∂xi

∂θo
∂θi

∂θo
∂ti

∂θo
∂νi

∂to
∂xi

∂to
∂θi

∂to
∂ti

∂to
∂νi

∂νo
∂xi

∂νo
∂θi

∂νo
∂ti

∂νo
∂νi



xi
θi
ti
νi

 (4)

Let us analyze this new matrix. The upper 2x2 block is nothing
more than the already ABCD matrix of a system. Since passive
optical components do not change behavior with time, we have
that the third column has its entries set to zero except the third
one which is set to 1. Using the same analogy, since the output
frequency is the same as the input frequency, we have that the
last row is set to zero apart from the last entry which is set to 1.
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Hence, the general Kostenbauder formalism can be represented in
the following matrix:

xo
θo
to
νo

 =


A B 0 ∂xo

∂νi

C D 0 ∂θo
∂νi

∂to
∂xi

∂to
∂θi

1 ∂to
∂νi

0 0 0 1



xi
θi
ti
νi

 (5)

For convenience, the new derivatives are renamed E, F, G, H, I, so
that the generalized K-Matrix has the form:

xo
θo
to
νo

 =


A B 0 E
C D 0 F
G H 1 I
0 0 0 1



xi
θi
ti
νi

 (6)

For a system with n-elements, the way to determine the K-matrix
of the system is to use the same method as for the ABCD matrix,
simply multiply the K-matrix of the different elements in the right
order to obtain the final matrix.

The physical meaning of these new entries can be interpreted as
follows:

E =
∂xo

∂νi
(Spatial Chirp);

F =
∂θo

∂νi
(Angular Chirp);

G =
∂to

∂xi
(Pulse-Front Tilt);

H =
∂to

∂θi
(Time vs Angle coupling);

I =
∂to

∂νi
(Group Delay Dispersion);

As an example, equation (7) represents a diffraction grating in the
Kostenbauder formalism [18], where θi and θd are respectively the
incidence and diffraction angles of the beam, λ the beams wave-
length and c the speed of light:

Kg(θi) =


− cos θd

cos θi
0 0 0

0 − cos θi
cos θd

0 λ
c

sin θd+sin θi
cos θd

− 1
c

sin θd+sin θi
cos θi

0 1 0

0 0 0 1

 (7)

Although this method still treats the laser beam as a ray, it is
nonetheless a simple method to make an initial approach of the ef-
fects caused to a beam passing through several optical components,
since it does cover both spatial and temporal properties of a beam.

B. Gaussian beam in space and time: the Q-matrix

In analogy with the ABCD matrix and the q-complex ??, which
characterize a beam spatial Gaussian profile after propagation
through an optical system described by an ABCD matrix, the
Kostenbauder matrices can also be coupled to another formalism
which allows the study of a Gaussian pulse after propagating a
system given by its K-matrix, in space and time. By assuming
a pulse with temporal and spatial Gaussian profiles, the electrical
field can be represented as:

E(x, t) ∝ exp

[
−
(

1

w2
+ i

π

λR

)
x2 −

(
1

τ2
− iβ

)
t2
]

(8)

In this equation, both spatial and temporal components of the
beam are represented. Besides the already introduced w and R,
two new variables are introduced: the pulse duration (τ) and the
temporal chirp (β).

The electrical field expression can be rearranged in a way that
all the parameters are assembled in a complex matrix, known as
the Q̃ matrix [19]:

E(x, t) ∝ exp
[
Q̃xxx

2 + 2Q̃xtxt− Q̃ttt2)
]

(9)

If the off-diagonal elements of the Q̃ matrix are zero we reobtain
equation (8), so:

Q̃xx = −i
λ

π

1

q
= −i

π

λR
−

1

w2
(10)

Q̃tt = −iβ +
1

τ2
(11)

Hence, each of these components can be interpreted as the respec-
tive spatial and temporal q-complex parameter. From Q̃xx and Q̃tt
we can extract the 4 properties of the output beam:

w =
1√

Re[Q̃xx]
; R = −

π

λ

1

Im[Q̃xx]
(12)

τ =
1√

Re[Q̃tt]
; β = −Im[Q̃tt] (13)

Finally, the off-diagonal component describes the spatial-
temporal coupling of the beam. As an example, the real part
of Q̃xt contains the information about PFT.

PFT =
Re[Q̃xt]

Re[Q̃tt]
(14)

In analogy with the ABCD matrices, the Kostenbauder matrixes
can be used to propagate a Qin matrix and generate an output
Qout matrix:

Qout =

[
A 0
G 1

]
.Qin +

[
B E

λ
H I

λ

]
[
C 0
0 0

]
.Qin +

[
D F

λ
0 1

] (15)

where both input and output Q̃ matrices can de derived from equa-
tion (9).

Q = i
λ

π

[
Q̃xx Q̃xt
−Q̃xt Q̃tt

]−1

(16)

It is now possible, using this formalism, to analyze the distor-
tions caused to a Gaussian laser pulse by any optical system which
can be described by a Kostenbauder matrix. Chapter 4 presents an
analysis of the pulse as it propagates through some grating systems.

IV. GENERALIZED GAUSSIAN BEAM
PROPAGATION IN GRATING COMPRESSORS

When a beam passes through dispersive optical elements, such
as gratings or prisms, the beam gains some distortions due to their
dispersive properties. These distortions, as well as its spatial and
temporal profile can be deducted from the previously introduced Q̃
matrix.

Let us then consider a simple Gaussian beam, with no distortions
(Q−1

12 = 0) and no chirp (β = 0). Thus, the Q-Matrix of the input
beam takes the following aspect:

Q−1
in =


1
R
− i λ

πw2
0

0

0 λ
π

(
β + i

τ2
0

) (17)

where w0 is the waist size of the beam, R its radius of curvature,
λ its wavelength and τ0 the pulse length.

In order to better interpret the following results, 4 dimensionless
variables are introduced in this paper:
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U(z) =
λz

πw2
0

=
z

zr
;α =

cos θi

cos θd
; (18)

ζ =
λ

d cos θd
; η =

w0

cτ0
;

U(z) can be seen as the propagation factor of a Gaussian beam
normalized to the Rayleigh range (zr), α represents the elipticity
of the beam, or the angular magnification of a diffraction grating, ζ
is the diffraction factor of a grating normalized to the wavelength,
finally, η can be interpretated as a spatio-temporal coupling factor,
since it is the ratio between the spatial and temporal length of the
beam.

From now on, in all calculations, unless told otherwise, we take in
consideration the following parameters for either the gratings and
the initial laser pulse, which are those used in L2I (Laboratório
Lasers Intensos):

L = 600mm, w0 = 10mm, τ0 = 100fs,

θi = 72o, λ0 = 1053nm, d =
1

1070
grooves/mm f = 1m

Furthermore, using these parameters, some approximations are
made in order to simplify the generated output:

U2(x)� 1, if x < 10m (19)

η � 1 ζ ≈ 1 α ≈ 1

A. Diffraction gratings and pulse distortions

Lets us start by analyzing the case of a beam being diffracted
from a grating and propagating a given distance L. This allows
us to evaluate the role and influence of each of the dimensionless
parameters in the resulting expressions for the output Gaussian
beam.

1. Beam profile after diffraction

FIG. 2: Beam propagation after incidence onto a diffraction grat-
ing. Smaller wavelengths have smaller diffraction angles

Starting from the Kostenbauder matrix given for a diffraction
grating followed by a L propagation illustrated in figure 2 and the
diffraction grating equation (equation (2)):

K =


−α−1 −Lα 0 Lλ

c
ζ

0 −α 0 λ
c
ζ

− 1
c
ζ
α

0 1 0
0 0 0 1

 (20)

If we consider a perfectly collimated beam at the entry of the sys-
tem, i.e. R0 =∞ and using equations (15) and (16), the output Q̃
matrix generated is:

(b) L=0.25m

(c) L=0.5m (d) L=1m

FIG. 3: Beam profile at a distance L after passing a diffraction
grating

Q̃ =

 − 1
w2

0

α2+η2ζ2

1−iU(L)(α2+η2ζ2)
1

τ0w0

ηζ
1−i(U(L)(α2+η2ζ2))

− 1
τ0w0

ηζ
1−i(U(L)(α2+η2ζ2))

1
τ2
0

1−iα2U(L)

1−iU(L)(α2+η2ζ2)


(21)

Then the first entry of Q̃ gives us the new spot size of the beam as
well as its ROC:

woutx ≈ w0U(L)ηζ; (22)

Rx ≈ zr
(

1

U(L)η4ζ4
+ U(L)

)
(23)

while the last entry gives us the temporal lengthening and temporal
chirp:

τout ≈ τ0U(L)η2ζ2 (24)

β ≈ −
1

τ2
0

1

U(L)η2ζ2
(25)

this corresponds to the results derived in [26] for the case of a
collimated beam. From these results we can conclude that the spot
size does not depend from the waist itself, while the temporal chirp,
on the other hand, does not depend from the initial pulse duration.
Since the off-diagonal terms are not zero, distortions are introduced
in the beam, namely PFT, SPC:

PFT ≈
ζ

c

1

1 + U2(L)α2η2ζ2
(26)

AD =
ζλ

2πc
=
ζ

ω
(27)

SPC =
ζ

2c
w2

0U(L) =
ζ

2c

λL

π
= AD.L (28)

With the increase of the propagation distance, PFT tends do de-
crease, while SPC on the other hand tends to increase. Further-
more, SPC is directly dependent to AD as well as the propagation
L. Figure 3 shows spectrally-resolved spatio-temporal profile with
a distance L after being diffracted, while Figure 4 demonstrates the
PFT angle evolution (γ,see Figure 1(b)) versus distance L.

If we only take in consideration the grating, meaning that L =
0, only PFT and AD is introduced as expected, where the result
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FIG. 4: PFT angle along a distance L after the diffraction grating
for several beam parameters (waist size and pulse length)

for PFT matches the one proved by J. Hebling [27], which shows
that the PFT is related with the angular dispersion (AD) by the
following equation:

ω
∂θ

∂ω
= tan γ = cPFT =

2πc

dω cos θd
(29)

where γ represents once again the PFT angle. From this we come
to the conclusion that the PFT caused by a diffraction grating
depends only on the grating itself and the beam wavelength. As
stated before, in the y-axis, the beam sees a diffraction grating as
a simple mirror, hence its respective spot size and ROC are given
by a simple free space propagation matrix with a distance L and
will be different from the x-axis:

wouty = w0

√
1 + U(L)2; Ry = zr

(
1

U(L)
+ U(L)

)
(30)

By comparing the resulting ROC with the one for the x-axis pre-
sented in equation (23), we come to the conclusion that a diffraction
grating introduces an astigmatism into the beam, since Rx 6= Ry .

2. Focal plane profile

Another interesting aspect that could be investigated using this
formalism is what happens to the beam when it is focused by a
lens. The Kostenbauder matrix for such a system (see Figure 5) is
represented by

K =


0 −fα 0 fλ

c
ζ

1
fα

0 0 0

− ζ
αc

0 1 0
0 0 0 1

 (31)

the Q̃-matrix changes as well:

Q̃ =

− 1
w2

0

1
(α2+η2ζ2)U2(f)

1
τ0w0

iηζ
(α2+η2ζ2)U(f)

− 1
τ0w0

iηζ
(α2+η2ζ2)U(f)

1
τ2
0

α2

α2+η2ζ2

 (32)

An interesting aspect is that at the focal spot, the beam possesses
no temporal chirp and has an infinite ROC. The other components
on the other hand have the following expressions:

FIG. 5: Beam focusing after passing a diffraction grating

wout ≈
λf

πτ0
ζ = wfηζ (33)

τout ≈ τ0
ηζ

α
=
w0

αc
ζ (34)

Furthermore, PFT vanish at the focal spot, it tends to decrease
and reach zero at the focal spot, after that it reappears but this
time with an opposite angle than before the focal spot, Figure 6
shows the evolution of the beam as it propagates after the lens, as
Figure 7 shows the respective PFT angle.

FIG. 6: Beam pulse spatio-temporal profile after passing through
the lens. The distance δf represents the distance from the focal
spot

FIG. 7: PFT angle after passing through the lens. The distance
δf represents the distance from the focal spot

As expected, the results obtained show the existence of a spatio-
temporal inversion dependency due to the introduction of the lens
system after the grating since, in a first approximation, wout de-
pends on the initial pulse length τ0, while τout depends of the waist
size w0. Furthermore, the PFT previously present in the system
now disappears by the addition of the lens system.

B. Single pass compressor

As it was already discussed, a grating compressor is composed of
two gratings parallel to each other separated by a certain distance.
As the pulse exits the system each wavelength presents a time delay
in regard of the central wavelength as well as other properties.
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FIG. 8: Beam spatio-temporal profile after a compressor with a
distance between gratings of 0.6m

We now study the propagation of a pulse through such system
using the Q̃ matrix to analyze the effects caused by the compressor,
which its Kostenbauder matrix is given by:

K =


1 Lα2 0 −Lλα

c
ζ

0 1 0 0

0 Lα
c
ζ 1 −Lλ

c2
ζ2

0 0 0 1

 (35)

1. Collimated beam

Starting from the K-matrix for a single pass compressor (equa-
tion (35)) and considering a collimated beam, the corresponding Q̃
matrix at the end of the system is the following:

Q̃ =

 − 1
w2

0

i+ζ2η2U(L)

i+(α2+η2ζ2)U(L)
1

τ0w0

αηζU(L)

i+(α2+η2ζ2)U(L)

− 1
τ0w0

αηζU(L)

i+(α2+η2ζ2)U(L)
1
τ2
0

i+α2U(L)

i+(α2+η2ζ2)U(L)

 (36)

As expected, the dispersive properties of the gratings alter the four
components of the pulse:

wx ≈ w0

√
U(L) (37)

τout ≈ τ0U(L)η2ζ2 ≈
1

τ0

Lλ

πc2
ζ2 (38)

β ≈ −
1

τ2
0

1

η2ζ2U(L)
(39)

As a first analysis, it is interesting to notice that both the spot size
and pulse length (where this last is in accordance with the result
obtained by Treacy [21]) at the end of the system does not depend
from the initial waist size, and that the chirp only depends from the
settings of the compressor (gratings and distance between them).

Furthermore, some STD remain in the pulse after the compres-
sor:

PFT ≈
1

α

ζ

c
(40)

SPC =
ζ

2c
αw2

0U(L) =
ζ

ω
αL (41)

Figure 8 shows the spectrally resolved spatio-temporal profile of the
pulse after it exits a compressor. As it can be seen, the negative
chirp is clearly noticeable after the compressor; shorter wavelengths
(blue) travel ahead of longer ones (red).

2. Non-collimated beam

Let us now consider that our initial pulse is not perfectly colli-
mated, i.e., R0 6= 0. This perturbation causes the beam to propa-
gate differently in the compressor, leading to different results that
if we consider a collimated pulse. However, in certain conditions,
such parameter might be considered negligible.

This perturbation will lead to an aditional term in regard of the
spatial and temporal properties of the pusle:

wx ≈ w0

√√√√
U(L) +

(
1 + Lα2

R

)2

U(L)η2ζ2
(42)

τout ≈ τ0

√√√√ U2(L)η4ζ4(
1 + Lα2

R0x

)2
+ (U(L)αηζ)2

(43)

β ≈ −
1

τ2
0

(
1 + Lα2

R0x

)2

U(L)η2ζ2
(44)

As we can see, each of the pulse components have a term which de-
pends from the initial ROC, as expected. Nevertheless, depending
on the initial ROC, this changes can be (or not) negligible. Fig-
ure 9 show the order of magnitude of these variations on the spot
size and pulse length when compared to a collimated beam. These
graphics show an interesting result. If on one hand, by varying the
initial waist size, the ratio between spot sizes (collimated and with
an initial ROC) tend to follow the same behavior, i. e., the larger
the waist, the sooner the initial ROC starts to be important; on the
other hand the pulse length tends to reverse its behavior at some
point.

FIG. 9: Variation of the waist size (w) and the pulse length (τ)
when the beam has an initial ROC

3. Focal plane profile

By adding a lens of focal distance f after the compressor (see
Figure 10), the Kostenbauder Matrix generated is:

K =


0 f 0 0

− 1
f
−Lα

2

f
0 αLλ

fc
ζ

0 Lα
c
ζ 1 −Lλ

c2
ζ

0 0 0 1

 (45)
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FIG. 10: Compressor system followed by a lens

FIG. 11: A double pass compressor, in all calculations considering
a double pass, the distance between each pass isn’t taken in account

The corresponding Q̃-Matrix takes the following form:

Q̃ =

− 1
w2

0

(
1+α2 U(L)

U(R0)

)
−i(α2+η2ζ2)U(L)

U2(f)
(

i
U(R0)+1

)
(1−iη2ζ2U(L))

1
w0τ0

ηζαU(L)

U(f)(1−iη2ζ2U(L))

− 1
w0τ0

ηζαU(L)

U(f)(1−iη2ζ2U(L))
1
τ2
0

1
1−iη2ζ2U(L)


(46)

One of the first conclusions one can take from this system is that
whatever the ROC is, at the focal spot, the resulting PFT does not
differ from a collimated beam, since Q̃xt and Q̃tt do not depend
on R0. However even if Q̃xx is altered, SPC still is zero.

PFT =
L

f

αζ

c
(47)

C. Double pass compressor

As we just saw, a compressor system introduces many distortions
to a laser pulse as it propagates through it. This inconvenient,
however, can be prevented by using the same compressor but in a
double pass mode.

1. Collimated beam

Let us then consider a compressor in a double pass mode as
illustrated in Figure 11. The K-Matrix for such system is given by:

K =


1 2Lα2 0 0
0 1 0 0

0 0 1 − 2Lλ
c2

ζ2

0 0 0 1

 (48)

Hence, the Q̃ matrix of the beam at the exit of the system is de-
scribed as following:

Q̃ =

[
− 1
w2

0

1
1−2iα2U(L)

0

0 1
τ2
0

1
1−2iη2ζ2U(L)

]
(49)

FIG. 12: Beam spectrally-resolved spatio-temporal profile after
passing through a double pass compressor with a distance of 0.6m
between gratings

The first thing that can be concluded is that a double pass com-
pressor does not introduce any STD which can be derived from the
Q̃ matrix.

The corresponding spot size and ROC of the pulse after exiting
the system is:

woutx = w0

√
1 + 4α4U(L)2; (50)

Rx = zr

(
1

2α2U(L)
+ 2α2U(L)

)
(51)

As it can be seen, the spot size in a double pass does not have
a significant increase in regard of the input waist. However, the
temporal components of the pulse is greatly increase:

τout ≈ 2τ0η
2ζ2U(L) (52)

β ≈ −
1

τ2
0

1

2η2ζ2U(L)
(53)

The introduced chirp and pulse lengthening is, as expected, the
double of a compressor in single pass (equations (38) and (39)).
Figure 12 represents the spectrally resolved spatio-temporal profile
of the pulse after it exits the double pass compressor. As we can see,
only the temporal chirp, related to GDD is present at the profile.

However, the double pass also introduces astigmatism to the
pulse, since the spot size and ROC for the y-axis are given by:

wouty = w0

√
1 + 4U2(L) (54)

Ry = zrλ

(
2U(L) +

1

2U(L)

)
(55)

Nevertheless, it is still possible to have a non astigmatic beam at
the exit of the double pass, but for that to happen, it implies α = 1.
This is the case when both incident and diffraction angles are the
same. If we take into account equation (2) we get that:

θi = θd ⇒ θ = arcsin
λ

2d
(56)

This angle is named the Littrow angle. Thus, in order to obtain a
non astigmatic beam at the exit of the compressor, we must work
at this precise angle. However, in most cases this is not practicable.

2. Non-collimated beam

As for the compressor system, let us now study the effect of an
initial ROC in the pulse on the output pulse. The introduction of
such perturbation generates a new Q̃ matrix:
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FIG. 13: Importance of the initial ROC in a double compressor
when comparing the output waists, with and without initial ROC

Q̃ =

− 1
w2

0

1+U(R)−2

1−i(2U(L)α2(1+U(R)−2)+U(R)−1)
0

0 1
τ2
0

1
1−2iη2ζ2U(L)


(57)

It is interesting to notice that whatever the initial ROC is, the
temporal aspect of the output beam does not differ in any way
from the model with a collimated beam. The spatial properties
however inevitably change:

wx ≈ w0

√
1 + (2U(L)α2 + U(R0x )−1)2 (58)

Rx ≈ zr
(

1

2U(L)α2 + U(R0x )−1

)
(59)

Nevertheless, this change is only significant in certain conditions,
such as with a low initial ROC (see Figure 13); otherwise, the
change caused by the initial ROC can be negligible.

If we consider the propagation in the y-axis:

wy = w0

√√√√4U(L)2 +

(
1 +

2L

R0y

)2

(60)

Ry ≈ zr

(
1

2U(L) + U(R0y )−1

)
(61)

Once again, astigmatism is introduced on the beam unless we
operate at the Littrow angle.

On the other hand, by changing one of the initial ROC (say R0y )
through adaptive optics, it is possible to adjust the beam so that
at the exit of the double pass both spot sizet and ROC have the
same value in both axes. In order to find the needed ROC in the
y-axis for that purpose, we only need to equalize the Rx and Ry :

U(Rx) = U(Ry)⇒ U(R0y ) =
1

U(R0x )−1 + 2U(L)(α2 − 1)
(62)

If the change is made in the x-axis however:

U(R0x ) =
1

U(R0y )−1 + 2U(L)(1− α2)
(63)

Thus, the necessary adjustment to the ROC has two different be-
haviors, depending on the initial ROC introduced to the pulse. For
small radii, the dominant term is the initial ROC, however, as the
ROC increases, the second term starts to be dominant, ultimately,
for a collimated input beam, the adjustment is be given by:

U(R0x ) =
1

2U(L)(1− α2)
(64)

Figure 14 illustrates such behavior when an initial ROC is intro-
duced in the y-axis.

Since we are interested in obtaining the minimum waist size
possible at the end of the system, the right choice is obviously to

FIG. 14: Correction required in the x-axis in order to pre com-
pensate the initial ROC introduced in the y-axis, so that the beam
can leave the compressor perfectly collimated. The left graphic
shows the behavior for low ROC, while the right one illustrates the
behavior when we approach a perfectly collimated pulse

adjust the ROC of the axis with the larger spot size. Hence, the
axis in need of adjustment depends on the value that α takes: if
α < 1 then Rx needs to be adjusted, if α > 1 then it is the other
way around. Figure 15 illustrates how α behaves in accordance to
the incident angle θi. As we can see, the turning point happens at
the Littrow angle (θL), where α = 1.

FIG. 15: α behavior in function of θi

3. Grating misalignments

Even if the double pass compressor is a solid element when it
comes to not causing distortions to the beam, it requires nonethe-
less that the gratings must be perfectly aligned with each other.
If that is not the case, the introduction of some distortions is un-
avoidable.

Such misalignment, however, can be used for the purpose of
generating controlled front-tilt pulses for X-ray laser applications.

If we consider a small deviation in the second grating and third
grating (δθ), both the K-matrix and Q̃ matrix will change:

K =


1 2Lα2 0 2Lαλζ tan θd

c
δθ

0 1 0 2λζ sin θi sin θd
c

δθ
2ζ sin θi sin θd

c
δθ 2Lαζ tan θd

c
δθ 1 − 2Lλζ2

c2
(1 + 2 tan θdδθ)

0 0 0 1


(65)

The PFT generated by this mismatch is then given by the following
equation:

PFT ≈
2ζ tan θd

cα
(1− y)δθ (66)

where:
y = 2α2η2ζ2U2(L) (67)

The misalignment causes an unwanted PFT to the pulse. Figure 16
indicates the respective PFT angle in accordance to δθ for a range
of incidence angles.

In the ray-tracing approximation, where U(L) = 0, the term y
vanishes and the result predicted by Chanteloup [2] is obtained:

PFT =
2ζ tan θd

cα
δθ (68)
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FIG. 16: PFT angle γ when varying the angle mismatch δθ be-
tween the gratings

Equation (66) shows that in certain conditions, the added term y
may actually be predominant when comparing with equation (68),
which was not previously predicted.

From this result, it can be easily concluded that the alignment of
the gratings in a double pass system is highly important, in order
to have a distortion free beam at the exit.

V. CONCLUSIONS

Starting from a simple ray-tracing formalism, and using the
Kostenbauder 4x4 matrices which characterize an optical element in
both space and time, we were able to re obtain some results already
present in literature using more complex approaches when analyz-
ing a grating compressor, proving that even using ray-tracing, the
K-matrices are a powerful method to study a beam behavior as it
propagates through dispersive elements up to the first order.

However, if we want to take in consideration the actual profile
of a laser pulse, i.e., a Gaussian profile, we must describe the laser
pulse as a 2x2 matrix named Q̃ which contains the information
about the temporal and spatial parameters of the laser pulse, such
as waist and pulse duration. Using this improved method, an anal-
ysis of some systems containing diffraction gratings was performed,
in order to evaluate what are the effects of such systems in a laser
pulse.

As the beam passes through a diffraction grating, an astigmatism
is introduced unless one operates at the Littrow angle. The initial
pulse front tilt generated by such diffraction grating only depends
on the grating itself and the pulse wavelength, however, as it starts
to propagate, the PFT tends to decrease as equation (26) clearly
states. For example, small waists and pulse lengths cause a rapid
decrease in the PFT and its corresponding angle γ (see Figure 4).

The SPC inherent to this system is directly proportional to the
propagation of the beam after it goes through the grating. By
adding a lens to the system and analyzing its focal spot, we notice
that the PFT is completely suppressed and that the lens tends to
invert the dependence of the waist and pulse length in regard of
their initial values, i.e. the waist at the focal spot depends on the
original pulse length and vice-versa.

The results obtained for a single pass compressor were also ac-
cording to what should be expected. Such system can suppress
the angular dispersion caused by the first grating, leaving however
the PFT and the SPC (equations (40) and (41)) which apart from
a factor α are identical to those for a single diffraction grating
(equations (26) Eq.(26)); furthermore, the PFT introduced by the
system is in accordance with the one predicted in chapter 3 for a
ray matrix approach.

The introduction of perturbations to the initial pulse, in our case
an initial ROC, proved that unless working in extreme conditions,
i.e. with a laser with a very poor collimation (small R0), the com-
pressor does not affect the pulse to an extent far greater than with
a perfectly collimated pulse (see Figures 9(a) and 9(b)).

The double compressor proved to be, as expected, a rather ro-
bust system in terms of the introduction of aberrations. If we take
into account an initial ROC of the beam, on the one hand, only the
spatial properties of the beam are different in regard of a perfectly
collimated beam (R = ∞), on the other hand, even if the initial
ROC affects these components, unless the ROC is very small (un-
der 30m), the difference between a collimated and a non collimated
beam can be considered nonexistent. However this system must be
perfectly aligned in order to take into account these conclusions.
By introducing a grating misalignment to the system, the resultant
pulse leaves the system with a PFT (equation (66)), furthermore,
the obtained result presents an additional term in regard of the re-
sults present in literature, a term which can be highly predominant
in certain conditions.

This paper proved that the use of a matricial formalism based
on the Kostenbauder matrices is indeed a powerful and versatile
method to study the propagation of a laser pulse in optical sys-
tems based on diffraction gratings, up to the first order. By simply
change one parameter in the Kostenbauder matrices or by intro-
ducing a perturbation in the input pulse, one can rapidly study
the effect caused by such perturbation without losing its simplic-
ity. The results obtained using this method were all in accordance
to those already present in literature, some of these results even
exceeded those already existent by adding a new term to the equa-
tion. The use of this formalism can then provide a quick analysis
and preview of a laser pulse profile as it exits a CPA laser chain
in both space and time. This analysis can be used to increase the
efficiency of an optical system to new levels.
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